) introduced the index of a Riemannian symmetric space as the minimal codimension of a (proper) totally geodesic submanifold. He calculated the index for symmetric spaces of rank ≤ 2, but for higher rank it was unclear how to tackle the problem. In [2], [3], [4] and [5] we developed several approaches to this problem, which allowed us to calculate the index for many symmetric spaces. Our systematic approach led to a conjecture, formulated first in [2] , for how to calculate the index. The purpose of this paper is to verify the conjecture.
Introduction
A generic Riemannian manifold does not admit nontrivial totally geodesic submanifolds apart from geodesics (see e.g. [17] ). The situation becomes more interesting when considering Riemannian manifolds with many symmetries. A particularly interesting, and important, class of such manifolds are the Riemannian symmetric spaces. The interplay between the geometric theory of Riemannian symmetric spaces and the algebraic theory of semisimple Lie algebras is very fascinating. In our context, the geometric objects of totally geodesic submanifolds correspond to the algebraic objects of Lie triple systems. Unfortunately, the algebraic equations underlying Lie triple systems turn out to be very complicated in general. The series of papers by Klein ([10] , [11] , [12] , [13] ) illustrates very well the complicated nature of classifying Lie triple systems for symmetric spaces of rank 2. Previously, Wolf ([26] ) classified totally geodesic submanifolds in symmetric spaces of rank 1 by geometric methods. In Riemannian symmetric spaces of rank ≥ 3 some "standard" examples of totally geodesic submanifolds are known, but a classification is out of reach with known methods.
In this context, Oniščik ([23] ) introduced the notion of index for Riemannian symmetric spaces. He defined the index i(M) of a Riemannian symmetric space M as the minimal possible codimension of a nontrivial totally geodesic submanifold. The index provides an obstruction for the existence of totally geodesic immersions between symmetric spaces (see Remark 4.8) . The basic questions are:
What is the index of a Riemannian symmetric space, and how to determine it?
In [23] , Oniščik used standard Lie algebraic methods to determine the index of irreducible Riemannian symmetric spaces of rank 2. In our previous work ( [2] , [3] , [4] , [5] ) we developed several systematic approaches to these two questions. For many symmetric spaces we were able to determine the index, but more importantly a conjecture, the socalled Index Conjecture for Symmetric Spaces, emerged. The conjecture was first formulated in [2] and relates the index to fixed point sets of involutions on symmetric spaces. The involutions on irreducible Riemannian symmetric spaces M of compact type and their fixed point sets were determined and studied thoroughly by Nagano and Tanaka ([18] , [19] , [20] , [21] , [22] ). Every connected component Σ of such a fixed point set is a totally geodesic submanifold of M. Geometrically, the involution is the geodesic reflection of M in Σ. This is why such a totally geodesic submanifold, given by an involution, is also called a reflective submanifold. Algebraically, a reflective submanifold corresponds to a Lie triple system for which the orthogonal complement is also a Lie triple system. We call such a Lie triple system a reflective Lie triple system. Reflective submanifolds of irreducible Riemannian symmetric spaces of compact type were studied by Leung in [15] and [16] , where one can also find explicit tables concerning their classification. Since all involutions, or equivalently, reflective submanifolds on irreducible Riemannian symmetric spaces of compact type are explicitly known, it is easy to compute the minimal possible codimension of a reflective submanifold, which we call the reflective index of M and denote by i r (M). Our conjecture states:
Index Conjecture for Symmetric Spaces. For every irreducible Riemannian symmetric space M we have i(M) = i r (M), unless M = G 2 /SO 4 or M = G 2 2 /SO 4 . The situation for M = G 2 /SO 4 is quite unique. The special unitary group SU 3 is a maximal subgroup of G 2 and one of its orbits in G 2 /SO 4 is totally geodesic and isometric to the 5-dimensional symmetric space SU 3 /SO 3 , and thus i(M) ≤ 3. In fact, as Oniščik proved in [23] , we have i(M) = 3. On the other hand, according to Nagano ([18] ), the only nontrivial involutions on G 2 /SO 4 are the geodesic symmetries, whose nontrivial fixed point sets are 4-dimensional and locally isometric to S 2 × S 2 . Therefore, the reflective index of M = G 2 /SO 4 is i r (M) = 4. For G 2 2 /SO 4 the corresponding statements hold via duality between symmetric spaces of compact type and of noncompact type.
The purpose of this paper is to give an affirmative answer to the Index Conjecture for Symmetric Spaces. With the methods that we developed in our previous work on this topic we could verify the conjecture for some series of classical symmetric spaces, all compact simple Lie groups and all exceptional symmetric spaces. However, none of these methods lead to conclusions for the following three series of classical symmetric spaces:
(i) M = SU 2r+2 /Sp r+1 for r ≥ 3. Conjecture: i(M) = 4r (rk(M) = r). 2 ). For each of these three series of classical symmetric spaces we develop a new methodology for calculating the index. None of the three methods can be used to prove the index conjecture for the other series of symmetric spaces. We outline the methods here. By Σ we always denote a maximal totally geodesic of M.
(i) The Lagrangian Grassmannians M = SU 2r+2 /Sp r+1 . If Σ is maximal and locally reducible, and if a local de Rham factor of Σ has a root system that is not of type A, then we show that Σ is nonsemisimple (Lemma 5.1). From previous work we know that in this case Σ is reflective. When the root system of all de Rham factors is of type A, we prove some estimates involving dimensions and ranks, which show that codim(Σ) > i r (M) (Proposition 5.6). We can thus assume that Σ is locally irreducible and its root system is not of type A. This leads to three possibilities (Lemma 5.3): (a) Σ is an inner symmetric space; (b) The maximum of the multiplicities of all roots is ≤ 2; (c) Σ is locally isometric to the real Grassmannian Σ = SO 2s+n /SO s SO s+n with s ≥ 3 odd and n ≥ 4 even. For case (a) we show that every maximal totally geodesic submanifold Σ of an outer irreducible symmetric space, where Σ an inner symmetric space, is reflective (Proposition 4.3). For case (b) we prove an estimate involving the number of reflections in the associated Weyl groups (Proposition 4.1), which then leads to codim(Σ) ≥ i r (M) (Proposition 5.5). For case (c) we construct an involution on M which has a fixed point set of dimension greater than dim(Σ) (Proposition 5.4).
(ii) The quaternionic Grassmannians M = Sp 2r+k /Sp r Sp r+k . We first show that i(Σ) ≤ i(M) (Proposition 4 .7) . Using this result we can reduce the problem to the case k = 0, that is, M = Sp 2r /Sp r Sp r (Lemma 6.1). We can realize the symplectic group Sp r as a centrosome in M = Sp 2r /Sp r Sp r , and since i(Sp r ) = 4r − 4, we can conclude that 4r − 4 ≤ i(M) ≤ 4r (Lemma 6.2). We then derive some inequalities for dimension and rank of the isotropy group of Σ and its locally irreducible factors (Lemma 6.3). Using these inequalities we prove the conjecture for r ∈ {3, 4, 5} using case-by-case methods (Propositions 6.4, 6.5 and 6.6). To simplify these case-by-case calculations we develop a general theory for reducible totally geodesic submanifolds with rank 1 factors (Section 3), which allows us to dismiss many possibilities. For r ≥ 6 we then develop an inductive argument (Proposition 6.7), for which we prove an estimate for the codimension of a totally geodesic submanifold in the product of two irreducible Riemannian symmetric spaces (Proposition 4.10).
(iii) The Hermitian symmetric spaces M = SO 2k+2 /U k+1 . We first develop a general theory that applies to all irreducible Hermitian symmetric spaces. To begin with, we prove that every maximal totally geodesic submanifold Σ with codim(Σ) less than half the dimension of the Hermitian symmetric space must be a complex submanifold (Proposition 7.1). We then prove that if the codimension of Σ satisfy a certain inequality, then Σ is reflective (Proposition 7.2). We can use this inequality to prove that the Index Conjecture is valid for all classical irreducible Hermitian symmetric spaces (Theorem 7.3), hence in particular for the remaining space M = SO 2k+2 /U k+1 .
We can now state the main result of this paper: [26] (for rk(M) = 1), [23] (for rk(M) = 2), [2] , [3] , [4] (for compact simple Lie groups and many symmetric spaces of higher rank), [5] (for exceptional symmetric spaces), and finally Theorems 5.7, 6.9 and 7.3 in this paper. In Table 1 we list the index for all irreducible Riemannian symmetric spaces M of noncompact type together with examples of totally geodesic submanifolds Σ with codim(Σ) = i(M). The symmetric spaces in the table are ordered according to their root systems (A r , B r , C r , D r , BC r , E 6 , E 7 , E 8 , F 4 , G 2 ).
Preliminaries and notations
In this section we introduce notations that we are using throughout the paper. For the general theory about Riemannian symmetric spaces we refer to [8] and [27] .
Let M be a connected Riemannian symmetric space and o ∈ M. We normally denote by n = dim(M) the dimension of M and by r = rk(M) the rank of M. The isometry group of M is denoted by I(M) and the connected component of I(M) containing the 
identity transformation is denote by G = I(M) o . We denote by K the isotropy group of G at o. Then M can be identified in the canonical way with the homogeneous space G/K equipped with a suitable G-invariant Riemannian metric. We denote g and k the Lie algebras of G and K, respectively. The induced Cartan decomposition of g is g = k ⊕ p. We identify p with the tangent space T o M of M at o in the usual way. Let Σ be a connected complete totally geodesic submanifold of M. Since G acts transitively on M, we can always assume without loss of generality that o ∈ Σ. The tan-
p and denote by K ′ and G ′ the connected closed subgroups of K and G with with Lie algebras k ′ and g ′ , respectively. Then Σ can be identified with the homogeneous space G ′ /K ′ . The group G ′ is known as the group of glide transformations of Σ and K ′ as the glide isotropy group of Σ at o. The normal space of Σ at o is denoted by ν o Σ. A Lie triple system V in p is said to be a reflective Lie triple system if the orthogonal complement of V in p is a Lie triple system. The totally geodesic submanifolds corrersponding to reflective Lie triple systems are called reflective submanifolds.
Let M = G/K be a Riemannian symmetric space of compact type and consider the complexification g C of g. Using the Cartan decomposition g = k⊕p, we define a subalgebra g * of g C by g * = k ⊕ ip. Let G * be the connected closed subgroup of G C with Lie algebra g * . Then G * /K is a Riemannian symmetric space of noncompact type. If we start with a Riemannian symmetric space of noncompact type and perform the analogous construction, we end up with a Riemannian symmetric space of compact type. This process is known as duality between Riemannian symmetric spaces of compact type and of noncompact type. It essentially says that, up to possible finite subcoverings in the compact case, there is a one-to-one correspondence between Riemannian symmetric spaces of compact type and of noncompact type. If V is a Lie triple system in p, then iV is a Lie triple system in ip. Therefore, duality preserves totally geodesic submanifolds. For this reason we sometimes switch between symmetric spaces of compact type and of noncompact type, which has the advantage that we can apply methods that are specifically designed to the compact or the noncompact situation.
Reducible totally geodesic submanifolds with rank one factors
In this section we investigate the codimension of locally reducible totally geodesic submanifolds with a factor of rank 1. The following result was proved in [5] . 
The purpose of this section is to prove the following result: Using duality between symmetric spaces of compact type and of noncompact type, we can restrict to the case that M is of noncompact type. Then we haveΣ = Σ. Taking into account Proposition 3.1, it remains to consider the quaternionic hyperbolic space HH k (k ≥ 2) and the Cayley hyperbolic plane OH 2 as a possible rank 1 factor. We start with the quaternionic case. Proof. The Lie algebra sp 1 ⊕ sp k of the isotropy group Sp 1 Sp k is linearly generated by the curvature endomorphisms R u,v with u, v ∈ T o Σ. Hence the Lie algebra of ρ(Sp 1 Sp k ) is linearly generated by the restrictions
It is well-known that, up to a positive scalar multiple, the curvature tensor R of HH n is given by Proof. Since Σ is a reflective submanifold of M, τ is an isometry. The full isometry group of HH n is connected and therefore τ ∈ K. By construction, the restriction τ | Σ ⊥ is the geodesic symmetry of Σ ⊥ ∼ = HH 1 at o. Since HH 1 ∼ = RH 4 , the geodesic symmetry τ | Σ ⊥ is an inner isometry of Σ ⊥ . The slice representation of
We now prove Theorem 3.2 for the case that Σ contains a quaternionic hyperbolic space as a de Rham factor. Proof. We can assume that o ∈ Σ and write M = G/K and Σ = G ′ /K ′ as in Section 2. If Σ is nonsemisimple, then Σ is reflective by [2, Theorem 1.2] and hence codim(Σ) ≥ i r (M). We therefore can assume that Σ is semisimple. By assumption, we have Σ = Σ 1 × Σ 2 with
We fix a totally geodesicΣ ∼ = HH k−1 in Σ 1 with o ∈Σ. This is a reflective submanifold of Σ 1 and there exists a reflective submanifold
With the same arguments as in the proof of Proposition 3.1, by replacing τ with a suitable odd power of τ , we may assume that τ is an involutive isometry of M. Moreover, analogously to the proof of Proposition 3.1, if the set
and it follows from [5, Corollary 2.9] that Σ is a reflective submanifold of M, which implies codim(Σ) ≥ i r (M).
Thus we can assume dim(V ) ≥ 1. Since τ is involutive, the totally geodesic submanifold
and thus codim(Σ) ≥ i r (M). If dim(V ) = 1, we obtain by a similar argument to that used in the proof of Proposition 3.1, that Σ has only one other de Rham factor, which is isometric to a real hyperbolic space. Then, again by Proposition 3.1, Σ is a product of real hyperbolic spaces, which is a contradiction. Thus we are left with the two possibilities dim(V ) ∈ {2, 3}.
Proof. Consider the slice representationρ of the isotropy group Sp 1 Sp k−1 ofΣ on its
is a nontrivial normal subgroup of Sp 1 Sp k−1 . The set F of fixed vectors of this normal subgroup in T oΣ is trivial. (Note that F = T oΣ , since Sp 1 Sp k−1 acts almost effectively.) In fact, if F is nontrivial, F must be invariant under Sp 1 Sp k−1 and soΣ would be reducible, which is a contradiction. Therefore the set of fixed vectors of ker(ρ) in T o Σ ′ is exactly T o Σ 2 ⊕ V and so this subspace is a Lie triple system. 
Proof. Since Sp 1 Sp k−1 acts trivially on T o Σ 2 , we only need to show that Sp 1 Sp k−1 acts trivially on V . Assume thatρ is nontrivial. Since Sp 1 Sp k−1 has no normal subgroups of codimension 1, we must have dim(ρ(Sp 1 Sp k−1 )) > 1. This proves our assertion for dim(V ) = 2. Assume that dim(V ) = 3 andρ(Sp 1 Sp k−1 ) = SO(V ). Then there are no nonzero fixed vectors byρ(Sp 1 Sp k−1 ) in V . From Lemma 3.6 we know thatΣ is a reflective submanifold of Σ ′ . So the set of fixed vectors ofρ, which coincides with T o Σ 2 , is invariant under the isotropy group of the perpendicular reflective submanifold P , where
This contradicts the maximality of Σ and so the assertion follows. Proof. Sinceρ is trivial by Lemma 3.7, it follows from [5, Proposition 3.8] thatΣ is either a de Rham factor of Σ ′ or it is contained in a de Rham factor M 1 of Σ ′ of constant curvature. Assume the latter holds. Note that M 1 is strictly contained in Σ ′ . In fact, We continue with the proof of Proposition 3.5. Let Σ ′⊥ be the reflective submanifold of M which is perpendicular to Σ ′ at o. Then, by construction, [5, Proposition 2.8] we obtain that Σ is reflective. Then, using [5, Corollary 2.9] and the fact thatΣ ⊂ Σ, we see that Σ is reflective and hence codim(Σ) ≥ i r (M).
Next, assume that W is a proper subspace of T o Σ ′⊥ , or equivalently, Q is properly contained in Σ ′⊥ . Let us write, as a nontrivial Riemannian product,
Lemma 3.9. The involution τ commutes with every isometry in the glide isotropy group
Note that A is connected, since L is connected. Note also that any isometry in A acts trivially oñ Σ ⊥ . Since L acts almost effectively onΣ ⊥ , A must be discrete and thus A = {id M }, since A is connected.
From Lemma 3.9 we see that L, via the isotropy representation, leaves the (+1)-
According to Lemma 3.3 there exists a nontrivial normal subgroupL ∼ = Sp 1 of L such thatL acts trivially on T oΣ . Note thatL acts trivially also on T o Σ 2 , which follows from the fact that Σ = Σ 1 × Σ 2 (note thatΣ ⊥ is a totally geodesic submanifold of Σ 1 ).
Lemma 3.10. The normal subgroupL of L acts trivially on V .
Let dim(V ) = 3. Assume thatL acts on V nontrivially and let g ∈L be such that h = g| V = id. SinceL is connected, +1 is an eigenvalue of d o h with multiplicity 1. Let Rv with 0 = v ∈ V be the corresponding eigenspace. Recall from Lemma 3.6 that T o Σ 2 ⊕ V is a Lie triple system. This Lie triple system is invariant underL. Then T o Σ 2 ⊕ Rv is also a Lie triple system, since it coincides with the set of fixed vectors of g in
Then Σ 2 is a semisimple totally geodesic hypersurface of X. Then, by [5, Lemma 5.5] , either there exists an irreducible de Rham factor Σ ′ 2 of Σ 2 with constant curvature, or X is a Riemannian product X = Σ 2 × R. In the first case, by Proposition 3.1, Σ is a product of spaces of constant curvature, which contradicts our assumption. In the second case,
This contradicts the maximality of Σ.
From Lemma 3.10 and its preceding paragraph we see thatL acts trivially on T o Σ ′ . SinceL ⊂ L, and L is included in the glide isotropy group of Q at o,L acts trivially on
Then the totally geodesic submanifold S of M with T o S = U satisfies dim(U) > dim(Σ). Moreover, S contains the reflective submanifold Σ ′ . Then S is reflective by [5, Corollary 2.9] and it follows that codim(Σ) > codim(S) ≥ i r (M). This finishes the proof of Proposition 3.5.
We now consider the Cayley hyperbolic plane OH 2 as a possible rank 1 factor. Proposition 3.11. Let Σ be a reducible maximal totally geodesic submanifold of an irreducible Riemannian symmetric space M = G/K of noncompact type. Assume that the de Rham decomposition of Σ contains the Cayley hyperbolic plane OH 2 as a factor. Then codim(Σ) ≥ i r (M).
Proof. The full isometry group of OH 2 is connected and isomorphic to the noncompact real simple Lie group F −20
4
. The isotropy group at o is isomorphic to Spin 9 and thus we can write OH 2 = F −20 4 /Spin 9 . The isotropy representation of Spin 9 on T o OH 2 is equivalent to the spin representation of Spin 9 on R 16 .
As usual, we can assume o ∈ Σ and write Σ = G ′ /K ′ as in Section 2. If Σ is nonsemisimple, then Σ is reflective by [2, Theorem 1.2] and thus codim(Σ) ≥ i r (M). We can therefore assume that Σ is semisimple. By assumption, we have Σ = OH 2 ×Σ, whereΣ is a semisimple Riemannian symmetric space of noncompact type.
The Cayley hyperbolic plane admits only one type of polars, namely Cayley hyperbolic lines OH 1 , all of which are congruent to each other in OH 2 and isometric to the real hyperbolic space RH 8 . We choose a Cayley hyperbolic line P ∼ = OH 1 in OH 2 with o ∈ P and denote by Q ∼ = OH 1 the Cayley hyperbolic line in OH 2 with o ∈ Q that is perpendicular to P at o. Note that P and Q is a pair of complementary reflective submanifolds of OH 2 and T o OH 2 = T o P ⊕ T o Q. The subgroup of the isotropy group Spin 9 leaving this decomposition invariant is (isomorphic to) Spin 8 . The restriction to Spin 8 of the isotropy representation of Spin 9 is equivalent to the direct sum of the two inequivalent spin representations of Spin 8 on R 8 . The subgroup Spin 8 is the isotropy group of each of the two groups of glide transformations of P and Q.
We denote by τ P , τ Q ∈ Spin 8 the geodesic reflections of OH 2 in P and Q, respectively. Since Spin 8 ⊂ Spin 9 ⊂ K ′ ⊂ K, both τ P and τ Q can be viewed as isometries of M. Note that τ P and τ Q lie both in the (finite) center Z Spin (8) of Spin 8 , since τ P | Q , τ Q | P are the geodesic symmetries of Q and P , respectively (and Spin 8 acts almost effectively on both P and Q). Since any nontrivial element in the center Z Spin(8) of Spin 8 has order 2, τ P and τ Q have both order 2, as elements of K. We define
. . , 7}, then the isotropy group Spin 8 acts trivially on V P . Since Spin 8 acts trivially also on T oΣ , it follows that the slice representation of Spin 8 on the normal space T oΣ ⊕ V P of P at o in Σ P is trivial. An analogous argument as for the quaternionic case in the proof of Lemma 3.8 shows that P is a de Rham factor of Σ P . 
then P is a reflective submanifold of M and [5, Corollary 2.9] implies that Σ is a reflective submanifold of M and hence codim(Σ) ≥ i r (M). Otherwise, we get a proper Riemannian product decomposition Σ ⊥ P =Σ ⊥ P ×Σ ⊥ P . Since Q ⊂Σ ⊥ P , the isotropy group Spin 8 of Q acts trivially on T oΣ
. This finishes the proof.
General structure results
In this section we prove some general results about totally geodesic submanifolds in symmetric spaces, which will be useful for later purposes. We start by investigating reflection hyperplanes of totally geodesic submanifolds. Proof. By duality, we can assume that M is of noncompact type. Then Σ is simply connected and hence K ′ is connected. Let g = k ⊕ p and g ′ = k ′ ⊕ p ′ be the Cartan decompositions associated with (G, K) and (G ′ , K ′ ), respectively. As usual, we identify T o M with p and T o Σ with p ′ . Let a ′ be a maximal abelian subspace of p ′ and a be a maximal abelian subspace of p with a ′ ⊆ a. We consider W and W ′ as reflection groups of a and a ′ , respectively.
Let H ′ 1 , . . . , H ′ b ′ ⊂ a ′ and H 1 , . . . , H b ⊂ a be the distinct reflection hyperplanes associated with W ′ and W , respectively. We define the set
which could be an empty or a nonempty set. Since the intersection of all reflection hyperplanes is {0}, J is properly contained in {1, . . . , b}. By a suitable labelling of the reflection hyperplanes we can assume that there exists j 0 ∈ {1, . . . , b} such that
Note that any two such hyperplanes H j ∩ a ′ may coincide. Let us assume that there exists a reflection hyperplane H ′ d ⊂ a ′ such that for every reflection hyperplane H j ⊂ a we have H ′ d = H j ∩ a ′ . This is always true for j < j 0 , and for j ≥ j 0 this means that
According to the Slice Theorem of Hsiang, Palais and Terng (see [9, Section 2] and [24, Section 6.5]), the dimension of the isotropy orbit K · γ(t) satisfies
where m is the dimension of a principal K-orbit in p and m j is the multiplicity of a focal point in H j which is not in any other reflection hyperplane H ν for ν = j. It follows that dim(K · γ(t)) is independent of the choice of t ∈ [0, 1].
On the one hand, this implies that the identity components of the isotropy groups K γ(t) (t ∈ [0, 1]) coincide, or equivalently, the isotropy algebras k γ(t) (t ∈ [0, 1]) coincide. On the other hand, by the choice of u and v, the orbit K ′ · v ⊂ p ′ is a principal orbit of the isotropy action of K ′ on p ′ and K ′ · u is a parallel focal orbit of K ′ · v. Therefore the isotropy algebra k ′ v is strictly contained in the isotropy algebra k ′ u . Thus there exists z ∈ k ′ such that ad(z)u = 0 and ad(z)v = 0. Since k ′ ⊂ k, this implies z ∈ k u and z / ∈ k v , which contradicts k u = k v . It follows that for every reflection hyperplane
Let M = G/K be a simply connected irreducible Riemannian symmetric space and consider the marked Dynkin diagram associated with G/K, which is the Dynkin diagram associated with G/K together with the dimensions of the corresponding root spaces. The dimension of a root space is also called the multiplicity of the root. Here we make the convention that the multiplicity of a non-reduced root α is obtained by adding up the dimensions of the root spaces of α and 2α. We denote by Φ the corresponding root system and by Φ + the positive roots.
If Φ is reduced and all roots have the same length, we call all roots long. If Φ is reduced and there are roots of different length, then there are exactly two different lengths and we can naturally distinguish between long and short roots. If Φ is non-reduced, we call the non-reduced roots short and the other roots long.
Recall that the Weyl group acts transitively on the sets of long and short roots and so the multiplicities of any two long (resp. short) roots are the same. This implies that all long roots have the same multiplicity m 1 , and all short roots have the same multiplicity m 2 . If there are no short roots, our convention is m 1 = m 2 .
We denote byl (resp.s) the number of positive long (resp. short) roots in Φ + . Then we have dim(M) = m 1l + m 2s + rk(M). (4.1) We call m 1 and m 2 the associated multiplicities of M. Proposition 4.2. Let M = G/K be an irreducible Riemannian symmetric space of noncompact type with associated multiplicities m 1 and m 2 . Let Σ = G ′ /K ′ be a totally geodesic submanifold of M with rk(Σ) = rk(M). Let Σ 1 be a de Rham factor of Σ with associated multiplicites m ′ 1 and m ′ 2 . Then we have
The actions of K on p and of K ′ on p ′ are polar (see [1, 24] ). This implies thatξ is parallel with respect to the normal connection of K · v in p andξ is parallel with respect to the normal connection of
at v is invariant under the shape operator A ξ of K · v with respect to ξ. Therefore, each common eigenspace of the (commuting) family of shape operators of K ′ · v at v is contained in a common eigenspace of the (commuting) family of shape operators of K · v at v. Moreover, any curvature normal of K ′ · v at v is a curvature normal of K · v at v. According to [1, page 63], the common eigenspaces of the family of shape operators at v of the principal orbit K · v in p are given by E α = p α for α ∈ Φ + reduced and
with i = 1 or i = 2, depending on whether α is a long root or a short root. The analogous statement holds for the common eigenspaces of the family of shape operators at v of the principal orbit K ′ · v in p ′ . This finishes the proof.
Recall that a Riemannian symmetric space M = G/K of compact type is inner if the geodesic symmetry σ o of M at o belongs to K. It is known (see e.g. [27, Theorem 8.6 .7]) that G/K is inner if and only if rk(G) = rk(K). A non-inner symmetric space is also called an outer symmetric space. For details on the following constructions we refer to [22] We assume from now on that M is simply connected and irreducible. Then the isotropy group K is connected. Of particular interest to us will be the so-called bottom space or adjoint spaceM of M. The bottom spaceM of M is characterized by the property that every Riemannian symmetric space M ′ that is locally isometric to M is a Riemannian universal covering space ofM. It is constructed from M by identifying all points with the same isotropy groups. The bottom spaceM has no poles and its geodesic symmetric are pairwise distinct isometries (see [5, Lemma 2.1]).
Let π : M →M be the canonical projection. We putp = π(p) ∈M for p ∈ M and v = d p π(v) ∈ TpM for v ∈ T p M. The geodesic symmetry ofM atp is denoted byσp. Let γv : [0, 1] →M be a closed geodesic inM with period 1 and γv(0) =ō (= γv(1)). Then p = γv( 1 2 ) is an antipodal point ofō andM + (p) is a polar ofM with dim(M + (p)) ≥ 1. The isometry gv =σp •σō =σō •σp ∈ I(M ) is involutive, nontrivial and fixes every point on γv([0, 1]). The linear isometry ℓv = dōgv of TōM is involutive, nontrivial and coincides with parallel transport along γv fromō = γv(0) toō = γv(1). In particular, ℓv(v) =v. Note that gv = gw for anyw ∈ TōM with γw( 1 2 ) =p. The bottom spaceM can be written asM = G/K withK = Gō. The identity componentK o ofK is (isomorphic to) K. We now consider the isotropy representation ofK o ∼ = K on TōM . For eachv ∈ TōM , the linear isometry ℓv leaves the isotropy orbit K ·v = K/Kv invariant (see [5, Proposition 2.4 ] and its proof). For all k ∈ K we have g dok(v) = kgvk −1 and therefore gv = kgvk −1 for all k ∈ Kv. This implies ℓv • dōk = dōk • ℓv for all k ∈ Kv. The subspace Fix TōM (ℓv) of fixed vectors of ℓv in TōM always contains the normal space νv(K ·v). Moreover, if rk(M) ≥ 2, then Fix TōM (ℓv) = νv(K ·v) if and only if K ·v is an extrinsically symmetric orbit.
For any Riemannian symmetric space M ′ = G/K ′ that is locally isometric to M we can make similar constructions, using the canonical projection π ′ : M → M ′ and defining o ′ , v ′ and other entities analogously. The subspace Fix
Let a be a maximal abelian subspace of p ∼ = T o M and let α 1 , . . . , α r ∈ a * be simple roots for the corresponding root system. Let H 1 , . . . , H r ∈ a be the dual basis of α 1 , . . . , α r . We fix an index i ∈ {1, . . . , r}. Note that H i belongs to a simplex of dimension 1 in the closureC of the Weyl chamber C that corresponds to the choice of the simple roots α 1 , . . . , α r . In fact, H i belongs to any of the reflection hyperplanes associated with α j , j = i. Then the abelian part of the normal space ν H i (K · H i ) = z p (H i ) is the real span of H i and hence of dimension 1. This means that K · H i is a most singular (or focal) orbit of K. Conversely, if K · v is a most singular orbit, then K · v = K · H i for some i ∈ {1, . . . , r} with a suitable rescaling of v. In fact, by applying a suitable transformation in the Weyl group to v, we can assume that v belongs toC and so α j (v) ≥ 0 for all j ∈ {1, . . . , r}. Then, since K · v is most singular, α j (v) = 0 except for one index i ∈ {1, . . . , r}.
Since the real span of H i is the abelian part of z p (H i ), it is the tangent space at o of a 1-dimensional flat S 1 of M. After a suitable rescaling of H i to some vector v we can assume that γ v : [0, 1] → M is a closed geodesic with period 1. The same can be done if we replace M by an arbitrary globally symmetric quotient M ′ of M and, in particular, by the bottom spaceM . After replacing H i = d o π(H i ) by a scalar multiplev, we obtain a closed geodesic γv : [0, 1] →M of period 1.
Let α = δ 1 H 1 + . . . + δ r H r be the highest root and assume that δ i > 1. Then the orbit K · H i ∼ = K · H i is not an extrinsically symmetric orbit (see [2, page 199] or [14] ). and therefore TōM − (p) = z p (v), which is a contradiction.
We can replaceM by any globally symmetric quotient M ′ of M and obtain a similar result, but in this situation it may happen that M ′− (p ′ ) = M ′ (namely, if p ′ is a pole of o ′ ). So we have the following result that will be useful for our purposes, since totally geodesic submanifolds of simply connected symmetric spaces are not in general simply connected, but globally symmetric. 
We now turn our attention to symmetric spaces whose root system is of type A. For r ≥ 2, the irreducible simply connected Riemannian symmetric spaces of compact type whose root system is of type A r are SU r+1 /SO r+1 , SU r+1 , SU 2r+2 /Sp r+1 and E 6 /F 4 (for which r = 2). Proof. The key fact for the proof is that the subgroup of K that acts on the curvature sphere S(v), when restricted to S(v), is the full group of isometries of S(v). Since the isotropy representations for dual symmetric spaces are equivalent, we may assume that that M is of noncompact type.
The normal space ν v (K · v) of K · v at v is the maximal abelian subspace of p that contains the regular tangent vector v. Moreover, the Weyl group W associated with the isoparametric submanifold K · v coincides with the Weyl group of M (corresponding to the root system determined by the maximal abelian subspace ν v (K · v)).
Let ξ ∈ ν v (K · v) so that E(v) coincides with the +1-eigenspace of the shape operator A ξ of K · v. Equivalently, u = v + ξ belongs to the reflection hyperplane H of ν v (K · v) associated with E(v), and does not belong to any other reflection hyperplane of the Weyl group. The tangent vector u belongs to a simplex of dimension r − 1 of the closure of a Weyl chamber (such a simplex is an open subset of H). Note that the curvature normal
The focal parallel orbit K · u of K · v is a subprincipal orbit and
where H is the abelian part of the Lie triple system and E(v) ⊕ Rη(v) is a nonabelian Lie triple system of rank 1. Note that v ∈ ν u (K · u), since H ⊕ Rη(v) = ν v (K · v), and so the rank of ν u (K · u) is r.
Let N ⊂ M be the symmetric space of rank 1 associated with E(v) ⊕ R η(v). The marked Dynkin diagram of N consists of one of the nodes of the Dynkin diagram of M with corresponding multiplicity m (see e.g. [7] ). In our particular situation there are no double roots and m ∈ {1, 2, 4, 8}. Therefore, N = G ′ /K ′ is an (m + 1)-dimensional real hyperbolic space, where G ′ ⊂ G are the glide transformations of N (and so K ′ ⊂ K). If X ⊂ M is the totally geodesic submanifold with T o X = ν u (K · u), then
The image of the representation of (K u ) o on T o X = ν u (K · u) coincides with the image of the isotropy representation of K ′ on T o X (see [7, Theorem 2] ). Note that The following proposition follows from the classification of polars (see [22] , though the meridians are not explicitely listed there). Nevertheless, we include a direct proof here based on general arguments. Let Φ be a root system in R r+1 of type A r . We can assume that Φ = {e i − e j : i, j ∈ {1, . . . , r + 1}, i = j}, where e 1 , . . . , e r+1 is the canonical basis of R r+1 . Then ∆ = {e i − e i+1 : 1 ≤ i ≤ r} is a set of simple roots of Φ and Φ + = {e i − e j : 1 ≤ i < j ≤ r + 1} is the resulting set of positive roots. Note that e 1 − e 2 , . . . , e r − e r+1 is a basis of the hyperplane R r+1
The Weyl group W generated by the hyperplane reflections associated with Φ acts irreducibly on R n+1 0 .
LetΦ be a nonempty proper root subsystem of Φ. Then, up to a suitable relabelling,Φ is characterized in the following way: there exist integers 0
The key fact for proving the above well-known equality is that if e i − e j and e j − e l belong toΦ, then e i − e l belongs toΦ as well, which follows by applying to e j − e l the hyperplane reflection of R r+1 0 determined by e i − e j . Note thatΦ is the direct sum of root systems of type A d ν+1 −(dν +1) , ν = 0, . . . , k − 1.
Consider the following set (I) of k + r − d k + 1 ≥ 2 linearly independent linear equations of R r+1 :
(4.5)
We will use this equality in the proof of the following proposition. We now choosew ∈v + νv(K o ·v) such that the orbitK o ·w is principal, and thus isoparametric. According to [5, Proposition 2.4] and its proof, the linear isometry ℓv fixes pointwise the normal space νv(K o ·v). In fact, the parallel transport ℓv along γv must be trivial when restricted to any abelian subspace of TōM containingv. We have Note that ℓv(z) =z and ℓv(K o ·z) =K o ·z. Moreover, ℓv is the identity on νz(K o ·z) and minus the identity on Tz(K o ·z). Thus we see thatK o ·z is extrinsically symmetric. Since the set of fixed vectors of ℓv coincides with νz(K o ·z), the assertion follows.
The next two results are not related to the above, but will be useful later. 
Proposition 4.7 shows that the index imposes further necessary conditions:
For given Σ, if we choose k sufficiently large and d ≥ rk(Σ), then the first set of necessary conditions is satisfied. We know from [4] that rk(Σ) ≤ i(Σ), and from [2] that equality holds only for SL r+1 (R)/SO r+1 and SO o r,r+l /SO r SO r+l . If Σ is different from these symmetric spaces, then we can choose d with rk(Σ) ≤ d < i(Σ). Then i(Σ) > d = i(M) and therefore the second set of necessary conditions tells us that there cannot be a totally geodesic embedding of Σ into SO o d,d+k /SO d SO d+k for any k ≥ 0. Thus the index gives a useful additional obstruction for the existence of totally geodesic embeddings (or immersions in the compact case) in addition to the standard obstructions given by dimensions and ranks. Remark 4.9. It is known that every Riemannian symmetric space M of noncompact type admits a totally geodesic embedding into SL n (R)/SO n for some n ∈ N. This is a consequence of the well-known unitary trick (and can also be seen as a particular case of Karpelevich's Theorem by embedding I(M) o into the special linear group via the adjoint representation).By duality,any symmetric space M of compact type admits a totally geodesic immersion into SU n /SO n for some n ∈ N. The symmetric space SU n /SO n is a totally geodesic hypersurface ofthe symmetric space U n /SO n . The symmetric space U n /SO n is a symmetric R-space, arising as a symmetric orbit of the isotropy representation of the symmetric space Sp n /U n . Hence U n /SO n admits an isometric immersion into R n(n+1) with parallel secondfundamental form. Then, by a well-known result of Vilms [25] , the corresponding Gauss map is totally geodesic. Consequently, every Riemannian symmetric space of compact type admits a totally geodesic immersion into some real GrassmannianSO 2r+k /SO r SO r+k . Then i(M) ≤ i(SO 2r+k /SO r SO r+k ) = r. Thus the index of M is a lower bound for the rank r of a real Grassmannian into which Mcan be totally geodesically immersed (where the index of M is defined to be the sum of the indices of the locally irreducible components of M).
The next result is useful for the investigation of totally geodesic submanifolds in reducible Riemannian symmetric spaces. 
Proof. Let π j : M = M 1 × M 2 → M j be the canonical projection.
If π 1 (Σ) M 1 and π 2 (Σ) M 2 , then Σ is contained in the totally geodesic submanifold π 1 (Σ) × π 2 (Σ) of M and codim M (Σ) ≥ codim M (π 1 (Σ) × π 2 (Σ)) = codim M 1 (π 1 (Σ)) + codim M 2 (π 2 (Σ))
We can therefore assume, without loss of generality, that π 1 (Σ) = M 1 . We define two subspaces V j = ker(d o π j | ToΣ ) (j = 1, 2) of T o Σ and note that both are K ′ -invariant.
Case 1: V 1 = {0}. Then π 1 | Σ : Σ → M 1 is a totally geodesic local diffeomorphism and hence an affine map. It follows that π 1 | Σ is a homothety and therefore Σ is an irreducible symmetric space.
, where the last inequality follows from the fact that every irreducible symmetric space contains at least one pair of perpendicular reflective submanifolds ( [15] , [16] ).
, which contradicts the assumption.
which contradicts the assumption. Let us consider the totally geodesic map π 2 | Σ :
and contradicts the assumption. Therefore π 2 | Σ : Σ → M 2 is a totally geodesic immersion. If π 2 (Σ) = M 2 , then π 2 | Σ : Σ → M 2 is an affine local diffeomorphism and so M 2 = Σ = Σ 1 × Σ 2 up to rescaling of the metric in each irreducible factor. This is a contradiction since M 2 is irreducible. Thus π 2 (Σ) is strictly contained in M 2 and so
which implies codim(Σ) ≥ i(M 1 ) + i(M 2 ).
Lagrangian Grassmannians
The complex 2-plane Grassmannian G 2 (C 2r+2 ) = SU 2r+2 /S(U 2 U 2r ) is the complexification of the quaternionic projective space HP r = Sp r+1 /Sp 1 Sp r , or equivalently, HP r is a real form of G 2 (C 2r+2 ). The symmetric space M = SU 2r+2 /Sp r+1 is the Lagrangian Grassmannian of all real forms of G 2 (C 2r+2 ) that are congruent to HP r . We have rk(M) = r and dim(M) = r(2r + 3). The associated root system is of type A r and all roots have multiplicity 4. The symmetric space M = SU 4 /Sp 2 ∼ = Spin 6 /Spin 5 is isometric to S 5 and hence i(M) = 1. Oniščik ([23] ) proved that i(M) = 6 for M = SU 6 /Sp 3 . In this section we will prove that i(SU 2r+2 /Sp r+1 ) = 4r for r ≥ 3. Throughout this section we assume that r ≥ 3. We know from [2] that i r (M) = 4r.
Lemma 5.1. Let Σ be a maximal, locally reducible, totally geodesic submanifold of M = SU 2r+2 /Sp r+1 . Assume that Σ has a local de Rham factor Σ 1 = G 1 /K 1 ⊂ M whose root system is not of type A s , where s = rk(Σ 1 ). Then Σ is nonsemisimple.
Proof. LetM be the bottom space of M and π : M →M be the canonical projection. We use the notations introduced in Section 4. LetΣ be the maximal totally geodesic submanifold ofM with TōΣ = d o π(T o Σ). We denote byΣ 1 = G 1 /K 1 ⊂M the corresponding local de Rham factor ofΣ whose root system is not of type A s . Locally, aroundō, we can writeΣ =Σ 1 ×Σ ′ .
Assume that Σ is semisimple. ThenΣ is semisimple. Let α 1 , . . . , α s be a set of simple roots of the root system ofΣ 1 andH 1 , . . . ,H s ∈ TōΣ 1 be the dual basis of α 1 , . . . , α s . Let α = δ 1 α 1 + . . . + δ s α s be the highest root. Since the root system ofΣ 1 is not of type A s , we have δ i > 1 for some i ∈ {1, . . . , s}. Then (K 1 ) o ·H i is a most singular and not extrinsically symmetric orbit in TōΣ 1 .
SinceH i is a most singular vector, we can rescaleH i to a vectorv ∈ TōΣ 1 so that the closed geodesic γv : [0, 1] →Σ 1 has period 1 (see e.g. proof of [5, Proposition 2.4] ). Let p = γv( 1 2 ) be the antipodal point ofō on γv. It follows from Proposition 4.4 that the tangent space Tō(Σ 1 ) − (p) of the meridian (Σ 1 ) − (p) is a semisimple Lie triple system. It may happen that Tō(Σ 1 ) − (p) = TōΣ 1 ifΣ 1 has poles.
The meridian (Σ 1 ) − (p) ofΣ 1 is contained in the meridianM − (p) ofM . By Proposition 4.6, V = TōM − (p) is a nonsemisimple Lie triple system of TōM . Moreover, as explained in Section 4, V contains the centralizer z TōM (v) ofv in TōM . Note that TōΣ ′ ⊂ z TōM (v).
Note that W = Tō(Σ 1 ) − (p) ⊕ TōΣ ′ is a semisimple Lie triple system in TōM which is contained in the nonsemisimple Lie triple system V . This implies that there existsz
is a proper Lie triple system in TōM . Sincez ∈ U, we see that TōΣ is properly contained in U. This is a contradiction to the maximality ofΣ. It follows that Σ is nonsemisimple.
Corollary 5.2. Let M = SU 2r+2 /Sp r+1 and Σ be a maximal totally geodesic submanifold of M. Assume that Σ has a local de Rham factor whose root system is not of type A. Then Σ is locally irreducible.
Proof. Assume that Σ is locally reducible. Then Σ is nonsemisimple by Lemma 5.1. From [2, Theorem 1.2] we see that T o Σ coincides with the normal space of an extrinsically symmetric isotropy orbit. However, from [2, Table 3 ] we know that the root system of any irreducible factor of a maximal nonsemisimple totally geodesic submanifold of M is of type A. It follows that Σ must be locally irreducible.
From the classification of Riemannian symmetric spaces and their root systems with multiplicities (see e.g. [1, Section 13.1]) we immediately get the following result. Lemma 5.3. Let Σ = G ′ /K ′ be an irreducible simply connected Riemannian symmetric space of compact type whose root system is not of type A s , s = rk(Σ). Let m 1 and m 2 be the associated multiplicities of Σ. Then one of the following statements holds:
(i) Σ = G ′ /K ′ is inner, that is, rk(G ′ ) = rk(K ′ ); (ii) max{m 1 , m 2 } ≤ 2;
(iii) Σ = SO 2s+n /SO s SO s+n with s ≥ 3 odd and n ≥ 4 even. [In this case Σ is outer, rk(Σ) = s and (m 1 , m 2 ) = (1, n).]
We will now investigate these three possibilities in more detail.
Proposition 5.4. Let Σ be a totally geodesic submanifold of M = SU 2r+2 /Sp r+1 and assume that Σ is locally isometric to SO 2s+n /SO s SO s+n with s ≥ 3 odd and n ≥ 4 even. Then codim(Σ) > i r (M).
Proof. From [2, Table 5 ] we know that
is a maximal totally geodesic submanifold of SO 2s+n /SO s SO s+n for which the codimension is equal to the index of SO 2s+n /SO s SO s+n . Furthermore, Σ ′ is a reflective submanifold and its complementary reflective submanifold (Σ ′ ) ⊥ is locally isometric to an s-dimensional sphere S s . Note that Σ ′ is an inner symmetric space because s is odd and n is even, and hence its geodesic symmetry τ at o is in SO s SO s+n−1 . Moreover, we have d o τ = I s ⊗ (−I s+n−1 ). Note that τ is in the center {(I s , ±I s+n−1 )} of SO s SO s+n−1 , because s ≥ 3 is odd and n ≥ 4 is even. Therefore τ can be considered as an involutive isometry of SO 2s+n /SO s SO s+n with d o τ (X) = X for all X ∈ T o (Σ ′ ) ⊥ . Geometrically, τ is the isometric reflection of SO 2s+n /SO s SO s+n in the reflective submanifold (Σ ′ ) ⊥ . We now consider this setup in the bottom spaceM of M via the canonical projection π : M →M with the corresponding totally geodesic submanifoldsΣ,Σ ′ , (Σ ′ ) ⊥ and involutionτ . IfΣ is a reflective submanifold ofM , then Σ is a reflective submanifold of M and the assertion is obvious. So let as assume thatΣ is not a reflective submanifold ofM . Sinceτ is an involutive isometry in the center of the identity component (K ′ ) o of the isotropy groupK ′ ofΣ, we can considerτ as an involutive isometry ofM.
Let V + and V − be the (+1)-and (−1)-eigenspaces of dōτ , respectively. Note that V + and V − are complementary reflective Lie triple systems. Moreover, we have TōΣ ′ ⊂ V − and Tō(Σ ′ ) ⊥ ⊂ V + by construction ofτ . If TōΣ ′ = V − , thenΣ ′ is reflective and henceΣ is reflective by [5, Corollary 2.9] (sinceΣ containsΣ ′ ), which contradicts the assumption thatΣ is not a reflective submanifold ofM . Thus we have a nontrivial orthogonal decomposition
The reflective submanifoldΣ of M with d o π(T oΣ ) = V − then satisfies dim(Σ) ≥ dim(Σ) = dim(Σ). If dim(V − 1 ) < s, then the isotropy group SO s SO s+n−1 acts trivially on V − 1 . Sincē τ belongs to this isotropy group by construction, dōτ is the identity on V − 1 , which is a contradiction to V − 1 ⊂ V − . Since n ≥ 4, SO s+n−1 (which contains the symmetry τ ) acts trivially on R d for all d ≤ s + 2. This implies that dim(Σ) ≥ dim(Σ) + 2 > dim(Σ), and so codim(Σ) > i r (M). Proof. Recall that the root system associated with M is of type A r and all roots have multiplicity 4. The number of reflection hyperplanes of a Weyl group of type A r is r(r+1) 2 and coincides with the number |Φ + | of positive roots in the corresponding root system. Since every root has multiplicity 4, we get dim(M) = 4|Φ + | + r = 2r 2 + 3r.
Let l be the number of reflections hyperplanes of the Weyl group of the universal covering spaceΣ of Σ. Then l =l +s, wherel is the number of long positive roots ands is the number of short positive roots in the root system associated withΣ, taking into account our conventions made near the beginning of Section 4. Then, using the assumption that max{m 1 , m 2 } ≤ 2 and the fact that rk(Σ) ≤ rk(M), we get dim(Σ) ≤ l(max{m 1 , m 2 }) + rk(Σ) ≤ 2l + r. Proof. We denote byΣ the Riemannian universal covering space of Σ and consider its de
Case 1. Assume thatΣ 1 = S k 1 for some k 1 ≥ 2 (after a suitable relabelling of the factors).
IfΣ is reducible, it follows from (the dual version of) Proposition 3.1 thatΣ = S k 1 ×S k 2 with k 2 ≥ 2. The rank of the isotropy group ofΣ must satisfy If r ≥ 5, thenΣ = E 6 /F 4 ×Σ ′ , whereΣ ′ = {0} orΣ ′ =Σ 2 × . . . ×Σ b and eachΣ i is an irreducible, simply connected, Riemannian symmetric space with rk(Σ i ) ≥ 2 and root system of type A. The isotropy groupK ofΣ must satisfy rk(K) ≤ rk(Sp r+1 ) = r +1, and thus the isotropy groupK ′ ofΣ ′ must satisfy rk(K ′ ) ≤ r − 3. From the list of symmetric spaces with root system of type A we can easily find the symmetric spacesΣ ′ of maximal possible dimension with rk(Σ ′ ) ≤ r − 3 and rk(K ′ ) ≤ r − 3. They are:
In particular, such aΣ ′ is always irreducible.
If 
First assume that rk(Σ) = rk(M) = r. Let a ⊂ T o Σ ⊂ T o M be a maximal abelian subspace. Then, by Proposition 4.1 and its proof, the root systemΦ associated with the maximal abelian subspace a of T o Σ is a root subsystem of the root system Φ associated with the maximal abelian subspace a of T o M. From (4.5) it follows that there exists 0 = z ∈ a such that the Weyl groupW associated withΦ fixes z. This implies that Σ is nonsemisimple, which contradicts the assumption that Σ is semisimple.
Thus we have rk(Σ) < rk(M) = r. From the particular product form ofΣ it follows easily that dim(Σ) = dim(Σ) ≤ dim(SU 2r /Sp r ) = (r−1)(2r+1) and therefore codim(Σ) = dim(M) − dim(Σ) ≥ r(2r + 3) − (r − 1)(2r + 1) = 4r + 1 > 4r = i r (M).
We can now state the main result of this section. Proof. Let Σ be a maximal totally geodesic submanifold of M. If Σ is nonsemisimple, then we have codim(Σ) ≥ 4r by [2, Theorem 4.2] . Assume that Σ is semisimple. If Σ is locally reducible, it follows from Corollary 5.2 that every local de Rham factor of Σ must have a root system of type A, which then implies codim(Σ) ≥ 4r by Proposition 5.6. Thus we can assume that Σ is locally irreducible. If the root system of Σ is not of type A, then we have three possibilities by Lemma 5.3: If the root system of Σ is of type A, then codim(Σ) > 4r = i r (M) by Proposition 5.6.
Quaternionic Grassmannians
In this section we determine the index of the quaternionic Grassmann manifold M = Sp 2r+k /Sp r Sp r+k , r ≥ 1, k ≥ 0. We already know the index for some values of r and k from results in [2] (Table 4, It follows from Lemma 6.1 that it suffices to prove i(Sp 2r /Sp r Sp r ) = 4r for r ≥ 3. As we mentioned above, this equality does not hold for r ∈ {1, 2}. We will prove this equality first for r ∈ {3, 4, 5} and then for arbitrary r ≥ 6 by an inductive argument.
The next result provides useful bounds for the index of Sp 2r /Sp r Sp r . Lemma 6.2. We have 4r − 4 ≤ i(Sp 2r /Sp r Sp r ) ≤ 4r for all r ≥ 3.
Proof. The second inequality follows from the fact that the reflective index of M = Sp 2r /Sp r Sp r is equal to 4r for r ≥ 3 (see [2] [20] for details). In [3] we proved that i(Sp r ) = 4r − 4. Using Proposition 4.7 we then obtain 4r − 4 = i(Sp r ) = i(Σ) ≤ i(M). Proof. We prove these inequalities on Lie algebra level. Denote by π the projection from h into one of the two sp r -factors. Then π(h) is isomorphic to h/ ker(π). Since h is simple and π(h) = {0}, then π(h) is isomorphic to h and rk(h) = rk(π(h)) ≤ rk(sp r ) = r.
Since π(h) = {0} for at least one of the two projections, we proved (6.1). If h ∼ = sp r , then dim(h) = dim(H) ≤ dim(Sp r ) − i r (Sp r ) = (2r 2 + r) − 4(r − 1) = 2r 2 − 3r + 4, since the subgroup of Sp r with Lie algebra π(h) is a totally geodesic submanifold of Sp r and i r (Sp r ) = 4(r − 1) by [3] . Since k ′ is a subalgebra of sp r ⊕ sp r , we obviously have rk(k ′ ) ≤ rk(sp r ⊕ sp r ) = 2r and dim(k ′ ) < dim(sp r ⊕ sp r ) = 2(2r 2 + r) = 2r(2r + 1). Case 2: rk(Σ) = 2. By Theorem 3.2,Σ is irreducible orΣ = S k 1 ×S k 2 with k 1 ≥ k 2 ≥ 2. IfΣ = S k 1 × S k 2 , then dim(k ′ ) = dim(so k 1 ) + dim(so k 2 ) = 1 2 (k 1 (k 1 − 1) + k 2 (k 2 − 1)). Since dim(Σ) ∈ {25, 26, 27}, we have k 1 ≥ 13 and thus dim(k ′ ) ≥ 78, which contradicts (6.7). ThusΣ is irreducible. Since dim(Σ) ∈ {25, 26, 27} and rk(Σ) = 2, we have only two possibilities, namelyΣ = SO 15 /SO 2 SO 13 andΣ = E 6 /F 4 . Since rk(so 13 ) = 6 and rk(f 4 ) = 4, we can exclude both possibilities using (6.5).
Case 3: rk(Σ) = 3. By Theorem 3.2,Σ is irreducible. Since dim(Σ) ∈ {25, 26, 27} and rk(Σ) = 3, we have only one possibility, namelyΣ = SO 12 /SO 3 SO 9 . Since rk(so 9 ) = 4, we can exclude this possibility using (6.5).
Altogether it now follows that there exists no maximal totally geodesic submanifold Σ of M with codim(Σ) < 12 = i r (M), and therefore i(M) = 12. Proof. We know from ≤ 2 by (6.14) . However, in all four cases the isotropy algebra ofΣ 2 has rank > 2, which gives a contradiction. If k = 4, then dim(Σ 1 ) = 48 and thus 33 ≤ dim(Σ 2 ) ≤ 36. It follows thatΣ 2 = SO 19 /SO 2 SO 17 , orΣ 2 = SO 20 /SO 2 SO 18 , orΣ 2 = SU 11 /S(U 2 U 9 ). Since the isotropy algebra ofΣ 1 has rank 7, the isotropy algebra ofΣ 2 must have rank ≤ 3 by (6.14). However, in all three cases the isotropy algebra ofΣ 2 has rank > 3, which gives a contradiction.
IfΣ 1 = SO 14 /U 7 , then h = su 7 satisfies rk(h) = 6, which contradicts (6.12). IfΣ 1 = E 7 /E 6 U 1 , then h = e 6 satisfies rk(h) = 6, which contradicts (6.12).
Altogether it now follows that there exists no maximal totally geodesic submanifold Σ of M with codim(Σ) < 20 = i r (M), and therefore i(M) = 20. Let 0 = u ∈ T o N, 0 = v j ∈ V j , and assume that u is perpendicular to W . We define the analytic function f v j ,u : K → R , k → v j , d o k(u) .
Assume that K j contains a nonempty open subset Ω of K. Then f v j ,u | Ω = 0 and thus f v j ,u = 0 by analyticity of f v j ,u and since K is connected. It follows that Rv j ⊆ d o k(W ) for all k ∈ K. This is a contradiction since k∈K d o k(W ) = {0}. It follows that K j does not contain any nonempty open subsets of K.
Altogether we now see that K \ K j = {k ∈ K : V j ⊆ d o k(W )} is an open and dense subset of K. It follows that
is an open and dense subset of K. We can therefore assume, without loss of generality, that V 1 and V 2 are not contained in T o Σ ′ . Using Proposition 4.10 we then obtain i(Sp 2(r+3) /Sp r+3 Sp r+3 ) = codim N (Σ) ≥ codim N − (Σ ′ ) ≥ i(Sp 2r /Sp r Sp r ) + i(Sp 6 /Sp 3 Sp 3 ).
By induction over r we can now prove the assertion. For r ∈ {3, 4, 5} we already know that i(Sp 2r /Sp r Sp r ) = 4r by Propositions 6.4, 6.5 and 6.6. For r ≥ 6 we can then use the previous inequality and the induction hypothesis and obtain 4(r + 3) = i r (Sp 2(r+3) /Sp r+3 Sp r+3 ) ≥ i(Sp 2(r+3) /Sp r+3 Sp r+3 ) ≥ i(Sp 2r /Sp r Sp r ) + i(Sp 6 /Sp 3 Sp 3 ) = 4r + 12 = 4(r + 3).
This finishes the proof. In particular, if i(M) = rk(M), then i(Σ 1 ) + . . . + i(Σ k ) ≤ rk(M). Therefore, if rk(Σ) = rk(M), then i(Σ ν ) = rk(Σ ν ) for all ν ∈ {1, . . . , k}. The possible factors are then known from [2] . Theorem 6.9. We have i(Sp 2r+k /Sp r Sp r+k ) = 4r for all r ≥ 3 and k ≥ 0.
Proof. This now follows from Lemma 6.1 and Proposition 6.7.
Irreducible Hermitian symmetric spaces
In this section we study the index of irreducible Hermitian symmetric spaces. Our first result states that a maximal totally geodesic submanifold of sufficiently small codimension in an irreducible Hermitian symmetric space is a complex submanifold. Proof. By duality, we can assume that M is of noncompact type.
Let Σ be a maximal totally geodesic submanifold of M with codim(Σ) < 1 2 dim(M). We can assume that o ∈ Σ. Let g = k+p be the corresponding Cartan decomposition of g. The center z(k) of k is 1-dimensional and there exists Z ∈ z(k) such that J = ad(Z) is the complex structure on p ∼ = T o M. The differential d o z at o of the isometry z = Exp( π 2 Z) ∈ K of M is d o z : T o M → T o M, X → JX. Then Σ J = z(Σ) is also a maximal totally geodesic submanifold of M with o ∈ Σ J . By construction, we have T o Σ J = JT o Σ.
As usual, we write Σ = G ′ /K ′ with g ′ = k ′ + p ′ ⊂ k + p = g, where p ′ = T o Σ and k ′ = [p ′ , p ′ ]. Then, since Z ∈ z(k), we have Σ J = G ′′ /K ′ with G ′′ = zG ′ z −1 . Now consider the de Rham decomposition Σ = Σ 0 × Σ 1 × . . . × Σ l of Σ, where Σ 0 is the, possibly 0-dimensional, Euclidean factor. Then, by construction, the de Rham decomposition of Σ J is Σ J = Σ J 0 × Σ J 1 × . . . × Σ J l with Σ J i = z(Σ i ). The intersection q = T o Σ ∩ T o Σ J = p ′ ∩ Jp ′ is a J-invariant Lie triple system in p. Since dim(Σ J ) = dim(Σ) > 1 2 dim(M), we have dim(q) > 0. As both p ′ and Jp ′ are Ad(K ′ )-invariant, the intersection q = p ′ ∩ Jp ′ is also Ad(K ′ )-invariant.
Since maximal flats of irreducible Hermitian symmetric spaces are totally real submanifolds, the Euclidean factor Σ 0 is a totally real submanifold of M and therefore Assume that r = p. Then we can write r = p = q ⊕ q ⊥ with [q, q ⊥ ] = {0}. This implies that M is reducible, which is a contradiction. Thus r is properly contained in p.
Since Σ (and Σ J ) is a maximal totally geodesic submanifold of M, we must have r = T o Σ = T o Σ J , which means that Σ = Σ J is a complex submanifold of M. In particular, the de Rham decomposition of Σ has no Euclidean factor and thus Σ is semisimple.
Our next result states that a maximal totally geodesic submanifold with sufficiently small codimension in an irreducible Hermitian symmetric space must be a reflective submanifold. We now apply the previous two results to irreducible Hermitian symmetric spaces M with r = rk(M) ≥ 2. We put d = codim(Σ) and n = dim(M).
For M = SO o 2,2+k /SO 2 SO 2+k (k ≥ 1) we have n = 2k + 4, r = 2 and i r (M) = 2. By Proposition 7.1, a maximal totally geodesic submanifold Σ of M with d < k + 2 must be complex. This immediately implies i(M) = 2 = i r (M).
For M = Sp r (R)/U r we have n = r 2 + r and i r (M) = 2r − 2. By Proposition 7.1, a maximal totally geodesic submanifold Σ of M with d < 1 2 (r 2 + r) must be complex.
